Porosity is a key factor in bone biomaterial design -it should be large enough as to allow for vascularization, but if it becomes too large, important mechanical properties such as stiffness and strength get too much compromised. Hence, porosity-mechanical properties are of key interest, and such relationships have been investigated experimentally, relating the data from mass or imaging tests to data from mechanical and acoustical tests. Since such experimental campaigns may become very expensive and time-consuming, mathematical models have been more and more introduced to the field. Recently, self-consistent continuum micromechanics formulations have turned out as expressedly efficient and reliable tools to predict ceramic biomaterials' stiffness and strength, as function of the biomaterial-specific porosity, and of the 'universal' properties of the individual crystals: their stiffness, strength, and shape. We here examine to which extent such structureproperty relationships can be represented by dimensionless power functions, as to provide an efficient interface to commercial software for large-scale simulation of heterogeneous structures in biomedical engineering, such as bone organ-implant compounds.
Introduction
In the design bone biomaterials, porosity is primary concern. Thereby, two competing requirements have to be met: On the one hand, porosity should be large enough to allow for transport of nutrients, cell, and growth factors into the implanted scaffold, resulting in vascularization of the latter. On the other hand, increasing porosity compromises the materials' elasticity and strength properties, as shown by data from mass and imaging tests (revealing porosity) as well as from mechanical and acoustical tests (revealing elasticity and strength) [1, 2, 3] . To understand the microstructural origins of such porositymechanical property relations and to minimize respective time and cost-intensive experimental campaigns, mathematical models have been more and more introduced to the field. Recently, self-consistent continuum micromechanics formulations have turned out as expressedly efficient and reliable tools to predict ceramic biomaterials' stiffness and strength, as function of the biomaterial-specific porosity, and of the 'universal' properties of the individual crystals: their stiffness, strength, and shape.
Micromechanics predictions were experimentally validated for biomaterials made of hydroxyapatite [4, 5] and of CEL2 glass [6, 7] . Beyond the biomedical realm, namely in the case of gypsum, such predictions have been independently supported by both experiments and Finite Element simulations of the materials' microstructures [8] . Therefore, micromechanics predictions open new possibilities for highly accurate Finite Element simulations of heterogeneous ('macro'-)structures [9] . In a commercial context [10, 11] , location-dependent material properties are often defined through power-law relations between apparent mass density and elasticity and strength [12, 13] . Hence, it is highly desirable to check under which conditions the experimentally validated micromechanics models can be represented as dimensionless power laws. This is done in the remainder of the present paper.
2 Continuum micromechanics of ceramic bone biomaterials
Representative volume element and phase properties
In continuum micromechanics [14, 15, 16, 17, 18] , a material is understood as a macrohomogeneous, but microheterogeneous body filling a representative volume element (RVE) with characteristic length ℓ, ℓ ≫ d, d standing for the characteristic length of inhomogeneities within the RVE, and ℓ ≪ L, L standing for the characteristic lengths of geometry or loading of a structure built up by the material defined on the RVE. In general, the microstructure within one RVE is so complicated that it cannot be de-scribed in complete detail. Therefore, quasi-homogeneous subdomains with known physical quantities are reasonably chosen. They are called material phases. We here represent porous ceramics through an infinite amount of needleshaped or disc-shaped solid phases, which are oriented isotropically in all space directions (quantified through Euler angles ϑ and ϕ), and one porous phase occupying the remaining space with volume fraction φ (porosity) (Figs. 1-4 ). Besides the volume fractions, quantitative phase properties are elasticity and strength. As regards phase elasticity, the fourth-order stiffness tensor s relates the (average microscopic) second-order strain tensor in the solid phase s, ε s (ϑ, ϕ), to the (average microscopic) second-order stress tensor in the solid phase s, σ s (ϑ, ϕ),
while the pores have zero stiffness. As an example, isotropic elastic properties of hydroxyapatite and CEL2 are given in Table 1 . Table 1 . Elastic and strength properties of hydroxyapatite and CEL2.
As regards solid phase strength, brittle failure is associated to the boundary of an elastic domain f s [σ(ϑ, ϕ)] < 0,
in case of needle-shaped phases, and ϑ = 0, . . . , π, ψ = 0, . . . , 2π, ω = 0, . . . , 2π :
in case of disc-shaped phases. In Eq. (2), σ s,N N (ϕ, ϑ) is the the normal stress in needle direction, and σ s,N n (ϕ, ϑ; ψ) is the shear stress in planes orthogonal to the needle direction. N is the needle orientation vector and n is the direction orthogonal to N , as function of angle ψ (see Fig. 1 ).
is the ratio between uniaxial tensile strength σ ult,t HA , and the shear strength σ ult,s s of pure solid. In Eq. (3), σ s,N N (ϕ, ϑ; ψ) is the normal stress acting in the plane of the disc, and σ s,N n (ϕ, ϑ; ψ; ω) is the shear stress acting on planes orthogonal to the disc plane. The orientation vector N is defined through angle ψ in the plane of the disc, and direction n is orthogonal to N and specified through angle ω (see Fig. 3 ). Strength properties of hydroxyapatite are given in Table 1 .
Averaging -Homogenisation -Upscaling
The central goal of continuum micromechanics is to estimate the mechanical properties (such as elasticity or strength) of the material defined on the RVE (the macrohomogeneous, but microheterogeneous medium) from the aforementioned phase properties. This procedure is referred to as homogenisation or one homogenisation step. Therefore, homogeneous (macroscopic) strains E are imposed onto the RVE, in terms of displacements at its boundary ∂V :
with x being the position vector for locations within or at the boundary of the RVE. As a consequence, the resulting kinematically compatible microstrains ε(x) throughout the RVE with volume V RV E fulfill the average condition [15] ,
with ε por as the average microstrains in the pore space. Eq. (5) provides a link between micro and macro strains. Analogously, homogenised (macroscopic) stresses Σ are defined as the spatial average over the RVE, of the microstresses σ(x),
Homogenised (macroscopic) stresses and strains, Σ and E, are related by the homogenised (macroscopic) stiffness tensor hom ,
which needs to be linked to the stiffnesses, the shape, and the spatial arrangement of the phases. This link is based on the linear relation between the homogenised (macroscopic) strain E and the average (microscopic) phase strains ε s (ϑ, ϕ) and ε por , resulting from the superposition principle valid for linear elasticity, see Eq. (1) [14] . This relation is expressed in terms of the fourth-order concentration tensors reading as
and
respectively. Insertion of Eq. (8) into Eq. (1) and averaging over all phases according to Eq. (6) leads to
From Eq. (10) and Eq. (7) we can identify the sought relation between the phase stiffness tensors s and the overall homogenised stiffness hom of the RVE,
As long as the average phase strains ε s are relevant for brittle phase failure, resulting in overall failure of the RVE, concentration relation (8) allows for translation of the brittle failure criteria (2) and (3) into macroscopic (homogenised) brittle failure criteria, according to (1), (2), (3),
, and (8),
Concentration-relations -Eshelby-problem
When considering a polycrystalline morphology where all phases are disordered and in mutual contact, the concentration tensors r can be suitably estimated from Eshelby's 1957 matrix-inclusion problem [24] , relating the strains in an ellipsoidal inclusion surrounded by an infinite matrix of stiffness hom to the strains E 0 imposed at infinity to the latter matrix. Approximating the strains in all phases s by such inclusion strains (as sketched in Figs. 2 and 4 for the considered hydroxyapatite biomaterials) delivers
for the pore phase, and
for the solid phases. In (13) and (14), Á,
, is the fourth-order unity tensor, δ ij (Kronecker delta) are the components of second-order identity tensor 1, and the fourth-order Hill tensors È hom cyl and È hom sph account for the cylindrical and spherical shapes of phases as an ellipsoidal inclusion embedded in a fictitious matrix of stiffness hom , see [4, 5] for mathematical details. Insertion of (13) and (14) into (5) (13) and (14) delivers the sought estimate for the strain concentration tensor of the solid phase as [17, 25] 
sinϑ dϑ dϕ 4π
Backsubstitution of Eq. (15) into Eq. (11) delivers the sought estimate for the homogenised (macroscopic) stiffness tensor, hom , while insertion of (15) into (12) Needle-like representation of crystals with orientation vector N r = e r , inclined by Euler angles ϑ and ϕ with respect to the reference frame (e 1 , e 2 , e 3 ); local base frame (e r , e ϕ , e ϑ ) is attached to the needle.
Power law representations of structureproperty relationships
For different crystal properties, the micromechanics predictions (2), (3), and (11) to (15) are illustrated in a dimensionless fashion in Figs. 5 to 10. There, (ρ/ρ s ) = 1 − φ is the normalized mass density, and ρ s is the real mass density of (empty) pores (with zero-stiffness and volume fraction φ), in fictitious infinite matrix with stiffness hom of overall porous polycrystal and vanishing volume fraction, subjected at infinity to homogeneous strains E 0 , such that strain average rule (*), see also Eq. (5), is fulfilled. Figure 3 . Disc-like representation of crystals with normals oriented along vector e r , inclined by Euler angles ϑ and ϕ with respect to the reference frame (e 1 , e 2 , e 3 ); local base frame (e r , e ϕ , e ϑ ) is attached to the disc; another local frame (e
is introduced for definition of the shear stress direction. the solid crystals, the homogenized Young's modulus E is the inverse of the first component of the compliance tensor hom ,
with hom following from Eqs. (11) and (15), and E s is the solid crystal's Young's modulus so that E/E s = 1/(D hom 1111 E s ). It appears that there exist separate dimensionless relations for porous biomaterials with needleshaped crystals and for such with disc-shaped crystals, whereby the individual relationships hold for a wide range of elastic crystal properties, including those of hydroxyapatite and CEL2 glass. Still, it appears that the needletype morphology is more suitable for hydroxyapatite, while the disc-shaped morphology well represents CEL2-biomaterials, as indicated through experimental values in (with zero-stiffness and volume fraction φ), in fictitious infinite matrix with stiffness hom of overall porous polycrystal and vanishing volume fraction, subjected at infinity to homogeneous strains E 0 , such that strain average rule (*), see also Eq. (5) 
with B and C given in Table 2 . For any crystal stiffness E s , Eq. (17) can be easily translated into a dimensional relationship
with
being typical input values in commercial image-to-mesh conversion softwares [11] . Similar dimensionless relations also hold for the uniaxial tensile strengths Σ ult,t of ceramic biomaterials with needle-and disc-type morphologies (Figs. 7 and 8) ,
with σ ult,t s as the uniaxial tensile strength of the solid crystals (see Table 2 for fitting parameters D and E). However, compressive strengths cannot be represented in an analogous dimensionless way, as is seen in Figs. 9 and 10 . Figure 5 . Needle-based micromechanics prediction for normalized homogenized Young's modulus E/E s , as function of normalized apparent mass density ρ/ρ s , for two different crystal solid phase properties (referring to hydroxyapatite and CEL2 crystals), and approximated by a power function. Experimental data collection from [20, 26, 27, 28, 29, 23] , see [4] for further details. Figure 6 . Disc-based micromechanics prediction for normalized homogenized Young's modulus E/E s , as function of normalized apparent mass density ρ/ρ s , for two different crystal solid phase properties (referring to hydroxyapatite and CEL2 crystals), and approximated by a power function. Experimental data from [6] . , as function of normalized apparent mass density ρ/ρ s , for different crystal strength properties Continuum micromechanics is a powerful tool for predicting ceramic biomaterials' stiffness and strength, based on their composition and microstructure. Dimensionless power functions with apparent mass density or porosity as argument appear as interesting regression tool for micromechanics-predicted Young's moduli and uniaxial tensile strengths of different classes of biomaterials with needle or disc-shaped crystals. However, such power functions cannot appropriately represent the dependence of compressive strengths on porosity. Further investigations may consider polynomial regression functions as to fit the micromechanical results.
